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SUlUJLRy 



Tho focal point of tho discussion which follows is the dosign of a 
filter typo having two saliont specifications. Tho firct is that tho 
gain function sliall bo mximally flat in the pass band and the second is 
that there shall bo equal maxima of a specified value in the stop band. 

A method, utilizing tho potential analogue method, is pixjsentod for eas- 
ily obtaining tliis typo of ftmetion. Design procedures are dovoloped for 
directly obtaining tho final gain characteristic from the given require- 
noirts prior to performing any of tho calculations required in the design 
of tho actual filter. Tabulation is made of certain calculated data v;hich 
ai"o of interest to the design engineer. 
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CHAPTER I 



IHTRODUCTIOII 

1. Types of synthesis problems. 

There are two main categories of synthosis problems. Those are the 
design of filters and the design of equalizers. Filters may be classified 
as (1) notch, (2) peak, (3) band suppression, (4) band pass, and (5) any 
oombination of the proceeding. Other characteristics such as type of feed, 
impedance matoliing, et cetera, are dependent on physical network configura- 
tions. Equalizers nay bo of the phase correction or gain correction types 
or both typos may be incorporated together. In recent years the phase 
shift network has become increasingly prominent. This is distinguishable 
from the phase equalizer only in tliat in the phase shift network the pliase 
characteristic is desired for itself rather than as a corrective measure. 

2. The development of modem network S3mthosis. 

Historically, synthesis of electric circuits evolved from circuit 
analysis. Circuits known to have a particular typo of characteristic 
were analyzed and the circuit constants then adjusted to locate particu- 
lar values of the knovm characteristic where desired. An advancement of 
this scheme was to optimize a somewhat variable characteristic so that it 
matched as closely as possible the one desired, ilodem network synthesis 
is the reverse of the above procedures. The desired characteristic is ob- 
tained or approidmated in an algebraic form constrained only by realiza- 
bility conditions. Then the network is derived from this algebraic func- 
tion. VTith this procedure one is not limited by the extent of his expe- 
rience with various circuits in the design of ne^v ones. 
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In 1D24 F. Fo3ter(S) treated two-teminal net'.7orl3 containing; 
only leactances . This nay bo considered the boginning of nodom netnork 
synthesis. The problon inwlvinj the cenerai t^vo-tcr-iinal network was 
solved by 0. Brune(2) in 1931 and its practical uso was extondod by Dott 
and Duffin(l) in 1949 since t]iey avoided the ideal transfomor in tho re- 
alization of the general two-tonninal notivork. Tho prine aim. of network 
synthesis night be considered to bo the developnont of desired transfer 
f\inctions within the linitations of physical realization of tho corres- 
ponding network. As used in this sentence, transfer function simply 
means a functional relation between electrical quantities at one teriiiinal- 
pair and those at another. For two-tcminal notv.'orlcs the two teniinal- 
pairs are tho sane . 

I'uch has been written on two terrrdnal-pair and n ter_iinal-pair net- 
worlcs. Of greater engineering interest at the present time is the former 
typo, and only this category vdll be considered hereafter. The ger.eral 
realizability requirements have been obtained. Various writers, too nu- 
noroxis to mention, have foxmd some, or all, of the restrictions imposed 
on the various transfer functions by specific classes of notv;orks with, 
or xvithout, other restrictions. Others have developed methods of approx- 
imating desired cliaractoristics X7ith realizable transfer functions. Other 
investigations Imve dealt with realizing tho plysical network parameters 
from the transfer function, and in some cases also prescribing tho input 
and output impedances of the network. Those findings, pertinent to the 
filter designed in this thesis, will be discxissod in succeeding chapters. 
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CHA.PTER II 



THE APPROXniATIOII PRODLEI.I 



1. General. 

There are numerous procedures which may be follo\ 70 d in tho process 
of approximation. Before describing any of those, nontion should bo made 
of tocluiiques frequently usod in the approximation of filter typo charac- 
teristics. Usually tho Iotj pass characteristic is first sought and after- 
mrds modifications are made transforming the chamcteristic to a band 
pass or a high pass typo, as may be desired. Lioroovor, certain quantities 
are usually normalized (i.e., mde equal to 1) in the initial devolopiaont . 
In the design of equalizers such techniques are not universally applica- 
ble. 

One of the oldest approximation procedures is to make a realizable 
charaoteiustic of a network match a desired chairacteristic exactly at a 
finite number of givon frequencies. Often this gives quite satisfactory 
results when the number of given matching frequencies is small and when 
there is a Imcnvn type of function whose characteristics resemble those do- 
sired. A handicap of this method is that little control is held on the 
difference between the desired characteristic and tliat which is approxi- 
mated at frequencies other than the matching ones. 

A refinement of tlie above is the least squares approximation wherein 
tho integral of the squared difference betvjeon tlie two characteristics over 
the frequency range of interest is made a minimum. This is a decided im- 
provement, but it still leaves one v;ith considerable doubt as to the max- 



imum difference which occurs. 
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Tills situation is corroctod by techniques wherein tlio naxinun differ- 
ence is United* One of these is the equal ripple tecliniquc . In this 
case all the naxina of difforonco are made equal to the allowed tolerance. 
This is frequently described as bein;^ the most efficient use of tho cir- 
cuit elar.ents . Ilov/ever, characteristics other than tho one, or ones, ap- 
proximated nay beoono intolerable in actual practice. 

Another schorao of approximation is to match tho desired characteris- 
tic at only one frequency and require the difference function to approach 
raonotonically the tolerance in tho band of appi*oxination. The maximally 
flat characteristic, discussed later, exemplifies this type of approxima- 
tion . 

2. The potential analogue method. 

Use is made of the potential analogue of network ftmetions in the 
appro:d.nation of these functions by any of the tocliniques listed in sec- 
tion 1. Laboratory equipment and techniques may be used to determine ox- 
perinontally the approximating functions. In addition, one’s I^ioivledge 
of electrostatics and potential theory is available to provide analytical 
tools and intuitive approaches whether laboratory methods or strictly 
mathematical techniques are used. Darlington(4) has e:rtensivoly treated 
tho basis and application of the potential analogue method. The follow- 
ing discussion of tho analogy is a limited development vjliich is sufficient 
for the use made of it in chapter III. 

A transfer function is dofinod as tho ratio of the output voltage or 
current of a network to the input voltage or current as a function of p 
when tho input quantity is of tho form, A eP"^. :'ost generally the real 



frequency behavior, for v/hich p = is that T7iT:h v;liich one is concerned. 

The synbol, t(p), represents a transfer function and my be expressed in 
the form. 



For the transfer function to bo realisable -nith a physical, passive net- 
work the follovjing restrictions apply: 



(b) t(p) is finite for p •= oo and for p= 0. 

Tlie latter condition is equivalent to tho statenent, n. The approxi- 
nation problen tlien becoms one of detemining the and tho p„j- , sub- 
ject to the above restrictions, such that the characteristics of t(p) for 
p = jCt> are tolerably close to those desired. 

Consider tho logaritlvn of the transfer function. 




TT (^ - 






( 6 ) 



where 



oX. 
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Consider next the potential at a point in a plane at a distance, d, 
fix>m an infinitely long line charge perpendicular to, and passing through 
this plane. If the line charge has a linear charge density q, then mth 
appropriately chosen units the potential, V, at the point considered is 
given by: 



V = - q log d + const . 

The constant is an arbitrary one depending only upon the level chosen for 
the reference potential. Since potential is a scalar quantity the poten- 
tial due to several parallel line charges at a point in a perpendicular 
plane is given by: 

V = - Z 

I 

where d^ is the distance in the plane of the point at which V is raoasured 
from the line charge. If the complex notation is used to represent 
the coordinates in the plane a complex potential, TJ’, may be defined such 
tliat : 



I 

where z represents a location in the plane at which Tt' is considered and 
z^ represents the point in the plane through which the i^'^ line charge 
passes. From the above equation is obtained: 
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Realizing that |z - z^| is the distance fron the lino cliargo to the 
point it is seen that : 



W = V ^ ^ 

® X,- f 



All future reference to this potential picture will concern qxmntities in 
the plane defined above and reference to a charge q in reality noans a 
line charge perpendicular to the plane having a linear charge density q. 

If the value of q is restricted to the values + 1 and -1 and if 
the subscript x is used when q_^ = +l and the subscript o is used when 
q^ = “1, then the forriula for V/' becomos: 



Though the charge magnitudes have been restricted to unity, coincident 
charges are allov/ed. 

Tiio complex potential has the sano mathematical form as the logaritlin 
of a transfer function. This is the basis of the potential analogue method. 
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The magnitude of the logarithm of tho transfer limction corresponds to the 
real potential and the pliaso function to the stream flinction of tho conploi 
potential. Any restrictions imposed on the locations of the poles and ze- 
ros of the transfer f\inction shall lihewise be applied to the locations of 
the positive and negative charges, respectively, in the potential analogue. 

On the basis of potential theory the potential function, or analogous 
transfer f\inction, may be napped into an auidliaiy piano by neons of con- 
formal transformations. The reason for so doing is that tho napping of 
tho original coordinates is ari*anged by appropriate transformations in 
such a fashion that one's experience and intuition in electrostatics dic- 
tates an approach for obtaining a desired transfer function. 

To obtain the flat portion of a filter characteristic ■using the an- 
alogy, one ivould desire a constant potential over the corresponding por- 
tion of the real frequency axis or its napping into another plane. A 
constant potential is impossible v;ith a finite number of lur5>ed charges 
and therefore it is necessary to approximate a continuous charge distribu- 
tion ■with the lumped charges. A basic conclusion from potential theory 
is that a conductor enclosing a charge-free region has a constant poten- 
tial on and •within it. The approximation procedure then is to choose an 
appropriate contour, v/hich is considered as a conductor. The charge dis- 
tribution on the conductor is then calculated, if not already obvious from 
the choice of contour. This distributed charge is then divided into seg- 
monts such that the charge of each segment is eqiial to tliat of each of tho 
other segments . Each charge segment is then replaced by a lumped charge 
v/ith the same quantity of oliarge. Thxis in obtaining a flat pass band for 
a fil-ter, a contour may bo placed about tho portion of -tho real frequency 
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axis corroopondinc to the pass band and then quantized as indicated above 
This procedure reqiiiros the placing of positive charges on both sidos of 
the jU) axis and this is prohibited by the restrictions on the transfer 
function pole locations. 

To obviate this difficult^'-, encountered with the contour technique, 
the potential analogy ■will be used with respect to the gain fuiiction. 

The gain function is defined and vised heroin as a function equal to the 
squared riagnitude of the transfer function for « If the transfer 

function is expressed as: 



then 
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Define a quantity, G(p), as follows: 



m 

G M = K 




Thus it is seen tliat G(p) is a function satisfying the requirei:aents of the 
defined gain function. It is to bo noted for future use that the poles 
and zeros of G(p) are those of t(p) plus the mirrored images about the jco 
axis . Due to this synetrical arrangement of the allov/ed locations of tlie 
poles of G(p), the contour teclmique is usable provided the contour and 
the negative charge (zero) locations are also synetrical to the jco axis. 
For ease and simplicity the contour is chosen, when possible, such that the 
charge distribution is so simple and obvious that the contour itself is 
not directly considered in the solution of the synthesis problem. 

The design problem solved in chapter III is simplified by choice of 
transformations to the extent that the potential distribution need never 
be calculated, but it is the potential analogue tliat provides the guidance 
for forming the desired gain fVmotion. 
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CHAPTER III 



TIE 1IE7 FILTER 



1. Tho filter typo. 

The problen taken up at this point is the development of a filter 
gain function having tho following characteristics : 

(a) llaxinally flat in the pass band, and 

(b) Equal, specified maxima in the stop band. 

As is conmon in filter synthosis, only the lov/ pass case vjill be consid- 
ered since the high pass and band pass types may be obtained from the low 
pass circuit itself or from a transformation upon tho p-plane. A filter 
is defined as maximally flat if its loss function, the reciprocal of its 
gain function, has its first n-1 derivatives, taken v/ith respect to CO , 
equal to zero at some point on the real frequency ascis v;here n is the num- 
ber of poles in tho transfer function. It should be noted tiiat the re- 
quirement of equal maxima of gain in the stop band does not necessarily 
mean mathematical maxim, but rather, maximum values. Two oxcoptions can 
occur. In one instance the magnitude of the gain function may be ap- 
proaching its maximum allowed value as CO approaches infinity. The other 
instance is at the defined edge of the stop band, at which frequency the 
gain function magnitude passes through the maximum allcaved value for the 
stop band. 

Tho question may be asked, "Vljy bother with this now filter type?" 

The answer lies in engineering requirements. The theory that the oar is 
totally insensitive to phase is being displaced, "dthout a reference tho 
ear, or anj.’" other instrument, cannot detect or measure phase. Variations 
in relative phase delay imposed on tivo musical tones hoard by one’s oar 
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is undetectable. HovjeTOr, when transient sounds are considered, the ear, 
while porcei-wlng frequency components, does not necessarily moke a Fourior 
analysis. The timbre of even a steady sound is dependent not only on its 
frequency composition but also upon the phase relations of the frequency 
components . This factor is a frequently neglected item in the reproduc- 
tion of speech and consequently intelligibility is degraded. The filter 
typo to be subsequently developed has fairly linear phase as compared with 
the equal ripple pass band variety. The operation of many present day 
commercial and military equipments is dependent upon transient phenomenon. 
For ezan^le, teletype and pulso coding systems can tolerate some distor- 
tion of the pulse shapes but cannot uso signals suffering from a great 
deal of delay distortion. 

Another factor making a maximally flat filter typo useful is the fact 
that its gain in the pass band monotonically approaches the allowed devi- 
ation from the desired constant gain. Over most of the pass band the de- 
viation is much less than the tolerance. The overall quality of signal 
reproduction is bettor for this filter type than for the equal ripple pass 
band typo with the same tolerance allowed. 

In the region of transition between pass band and stop band, the 
niter heroin designed has properties very nearly equivalent to those of 
the equal ripple pass band filter. Any filter having frequencies of in- 
finite loss may liavc those used to satisfy additional requirements beyond 
tho basic filter specifications. 

For comparison purposes, the pass band cliaracteristics of throe fil- 
ter types are shovni in figure 1. 

2. The method of solution. 
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Tho potential analo[;uo Kothod combined v<ith varioxis confoi'mnl trans- 
formations provides particularly direct, and intuitively obvious, ways of 
producing "equal rtpple" in the stop band. "Equal ripple" v/ith reference 
to the stop band portion of the gain f\anction is a slight misnomer. It 
is a semantic convenience and as used herein means that the gain function 
has equal maximum values of magnittido in the stop band without regard to 
its beliavior othonvise. For example, if the transforr.iation p — csch z is 
used, the i^al frequency axis for lu>l ^ 1 is mapped into, and includes 
all of, the imaginary axis in the z-plano as shown in figure 2» Then if 
the stop band is defined for 1^1 ~ 1, and the zeros are eqtially spaced 
along the imaginary axis in tho z-plane, it is imodiately apparent from 
tho potential analogue that the equal ripple condition is produced pro- 
vided certain other conditions are n>et. As previously shown, the trans- 
fer function has half the number of polos and zeros included in tlie gain 
function and the remainder must be the images as mirrored by tho real 
frequency axis. Since tho zeros are of integral order in the transfer 
function, any zeros of the gain function on the real frequency axis must 
be even ordered. The polos of tlie gain function must be located so as 
not to destroy tho equal ripple condition tentatively produced with the 
zeros. One way of doing this is to place a pair of poles on opposite 
sides of the imaginary axis, equidistant therefrom, for each second order 
zej’o located on this axis. If tho ordinates of the pole locations are 
equal to that of tho corresponding zero, then the equal ripple is not 
destroyed. Additionally, tho locations of the critical points in each 
coll of tho z-plano must map into the same sot of locations in tho p-plane. 
This is accomplished by malcing the locations of those critical points in 
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tlmt cell of the z plane xrhich includes the origin syrnetrical to the 
origin and further requiring the spacing bet^7een adjacent zeros along the 
iniaginaiy axis to bo where n is any integer. Pigure 2 shows n = 3. 
Other cons idemt ions would apply were this transformation actually vised. 
It has not been used since it would require the sunraation of an infinite 
series to find the gain function and a simpler means is available. An- 
other reason will bo brought out later. 

Another easy method of approaching equal ripple stop band is to use 
a transformation such as to nap the stop band portion of the real fre- 
quency axis to a circle in an auxiliary plane. The pair of tmnsforma- 
I 2 - I 

tions, p =r and wrs ^ ^ ^ does this as shown in figure 3. Again 

the method of producing equal ripple is apparent; that is, by equally 
spacing the zeros around the circle. Similar additional considerations 
are required as before. One advantage has been gained in tlvat this typo 
of transformation does not require an infinite series svaanation to derive 
the gain function. 

Inherent in both tho preoooding types of transformation is the same 
deficiency. This has to do mth producing the maximally flat pass band 
with assurance tliat it actually is such. Before specifically locating 
tliis deficiency the means used to produce a maximally flat condition will 
be described. 

The frequency at which tho n-1 derivatives are made equal to zero is 
takon as zero, both for simplicity and to malco maximally flat most mean- 
ingful if the derived charactoidstio is to be transformed to tho band 
pass case. Consider a loss function as follows: 
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F(^) 


G(-fc) 
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Lot 


F{co) 


oo'^ 
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~ D 


o 
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D is a rational polynomial not 


equal to zero at = 0 


Then, 


F'(oJ) = 






D" 





D^r-n-Oco^'' - D^D 
p (co) ~~ j^4 



Continuing the process of taking suooossive derivatives it my bo seen 
that each term of the derivative contains a pov/or of CO, tho lo^vost 
of v/liich is n-i . V/lien the n^^^ derivative is taken this is no longer true. 
Thus if these derivatives are evaluated at CO = 0 there v/ill bo at least 
the first n-1 of thorn equal to zero. Thus the sufficient condition for 
V(co) to be oaximlly flat is that it liave an n^^^ order zero at w = 0 
and necessarily it nay not liavo a polo at the origin. 

Since the derivative of a constant is zero then F t C, ■where C is a 
constant, is also naximally flat. The addi'bion of the constant loa-vos one 
T/i-bli the same pole locations but locates a net/ set of zeros. Renonboring 
that the gain function is the reciprocal of the loss function, the proce- 
dure for producing tho desired characteristics is to take zeros producing 
equal ripple in the stop band, fom a maximally flat loss flmction ivith 
poles corresponding to the gain function zeros, add a constant, take ■fcho 
reciprocal of this nov; function as a possible gain function, and then in- 



vostigat© this latter function. Tirst, tho pole locatiorxS muct satisfy 
realizability requirements. Second, the polo locations must not destroy 
tho equal i*ipple character previously set up. 



Tho additional deficiencies of the transformations sho-rm in figures 
1 and 2 v;ill nor; be considered. If the p-plano is napped into an auxil- 
iary plane by some transformation and the jeo axis is mapped into a curve, 
or straight line, in this auxiliary plane, then denote distance along the 
curve ly s. Label the derivatives of s vjith respect to to as s', s”, and 
so on, and label the derivatives of the loss function \7ith respect to s 
as F', f", and so on. It is then found that: 

s' 



= s'F' 



Uco 



JLco^ 

ilf. 

and so on for successive derivatives. Thus if a function is synthesized 
in an auxiliary plane by the procedure previously described so as to be 
maximally flat with respect to s j then to insxu'e that the function, wlion 
mapped back into the p-plano, is maximally flat \7ith respect to , it 
will be required that the derivatives of s with respect to a; exist wuen 
evaluated at — 0. It is found that tho previous transformations do not 
meet this requirement. 

^ H 



A transformation mooting the requirement above is 






shown in figure 4. This one will be used to develop the gain function. 
3. Development of the gain function. 

First of all it should be noted that two shoots of tlio p-plane are 
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required to con^letoly map the z-plane. One sheet maps into the interior 
of the unit circle in the z-plano cerrtojrcd at the origin, and the other 
to the exterior. Therofoi'e, v;hon placing cliargos (poles and zeros) in 
the z-plane, a pair of charges nust be used for each one finally locatod 
in the p-plane, and each of a pair most map into tho same coordinates on 
different sheets of the p-plane. If p, is a point in tho p-plane then: 

2 Z, 










■^1 ( I + VTT^^) 

_ 

/ 5 : V7 + 

Therefore a pair of points in the z-plane, -which map into the same loca- 
tion in tho p-plane, have complex coordinates that are nogati-ve recipro- 
cals . 

The zeros of the gain fimetion vjill now be located with the require- 
noirfcs following as gxiidos . 

(a) n equals tho number of polos in the transfer function. 

(b) There shall also be n zeros in the p-plano, including the one 

at infinity for n odd, in order to produce tho maxinally flat condi- 




tion and to maintain tho typo of syranotry required by the polo loca- 
tions and the equal ripple condition. 

(c) In order that the transfer function may be roalisod by a practi- 
cal ladder notivork, all zeros shall bo located on the ju) a::is, 
except for a possible one at infinity, as shovm by Darlinr;ton(3) . 

(d) In the p-plane there shall bo 2n polos and 2n zeros for tho gain 
function mth mirror symmetry' about both the real and inarinary axes. 
The zeros shall occur as doubles. 

(e) There sliall bo 4n poles and 4n zeros in the z-plano in accordance 
with tho mapping conditions . 

(f) Since the stop band portion of the real fi'equoncy axis maps into 
a circle in tho z-planc, tho zero locations shall have equal angular 
spacing between them to produce the equal lipple condition. 

(g) Tho CO = l mapping shall be midway between adjacent zero loca- 
tions, Tfere this point to be a zero location, the nonmilization of 
the defined edge of the stop band \vould not be possible. 

In lino with tho above listod requiromonts the development of the 

gain function is started by placing second order zeros about the unit 

7T 

circle in the z-plane with an angular spacing of ~~ botivoen successive 
locations. Tho angular displacement of the set of zeros nearest the imag- 
injiry axis from that axis is • This is shown in figures 5a for n = 3. 
and in figure 5b for n = 4. Tliis sot of zero locations satisfies all ro- 
quiromonts placed upon then. 

Tho maximally flat condition will now be met. A loss fmiction is 
sot up with polos located at the zero locations of the gain function. 

Tho maximum possible number of zeros of tho loos function will bo talcen 
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Figure 5. Zero locations in the z-plane. 



There are to be 4n zex'os in the z-plane and only 2n of thea nay be inde- 
pendently located. Therefore 2n zeros are placed at the origin and the 
other 2n zeros nrast bo located at infinity to meet the mapping require- 
ment. Before adding a constant, it is found to be convenient to make an 
additional transformation, z” = n. This transformation is shovm in fig- 
ure G for representative values of n. Since each sheet of the \7-plane is 
identical to the others, further calculations can be carried out in only 
one sheet of the %v-plane. It is to be noted that the relative orienta- 
tions of tho napping of the stop band and the critical points aro the 
same for any n. Rirthermore the multiplicity of the critical points in 
one sheet of the vj-plone is independent of tho value of n. The tentative 
loss function nay no'.v bo vjritten in the T;-plane, neglecting any constant 
multiplier, as : 
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This shcnvB that the tv;o values of are reciprocaJ.; 






v;here 







The value of r has boen taken arbitrarily as positive and less than one 
v;ithout loss of generality. 

The zeros of have ncrvv been located as shown in figure 7. Since 
the gain function has poles at these locations, all critical points of 
the gain function are now loiov/n. Therefore the transfer fimction is also 
known. 

At this point must be foxmd the relations anong the design specifica- 
tions and the quantities which have boen used in the equations. Define 
V to be the magnitude of w at a point which is the mapping of 6J for 
0^ CO ~1. Figure 8 shoiiB the w-plane rotated such that the napping of 
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Figure 8. Critical points of G in v;-plane. 



the real froquoncioc for 0 S CJ — 1 extends upr-vard fron the oricin. 
The orientations of the critical points are thus independent of n. The 
gain function my be vjrittcn fron on inspection of figure 8, neglecting 
anj.' constant fb.ctor, as : 




Define Gj as the naximn value of G in the stop band. Since this value 
occurs at cJ = 1, then: 




As v;as to be expected these t’.^o values of r are reciprocals. Since r has 
already been choson as the snallor value, it is nost accurately coiaputed 
as : 




r, and consequently G(v), is conpletoly detomined by Gj . By the onis- 
sion of a constant mltiplier from the gain expression such a multiplier 
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lias boon tacitly assianecl as equal to unity. Thus G(v) = 1, and this 

is suitable for roalization purposes . 

Define as the nininun allowed value of G in the pass band and 1: 
as that value of CJ vdiich is the upper licdt of the pass band. Sine© 

CO — 1 defined tho lov/er limit of the stop band, then 0 *< k < 1. 
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Since these two values of z are negative reciprocals for all values of p, 
only one need bo considered and the other is an automatic consequence. 
Using the expression, 
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From h'* it is seen that: y” = , 



Talo9 tho equation for G(v) and v/rite its reciprocal: 
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Of tho tno reciprocal values of ^ 'tiie — cign above, only tlaat 

one associated mth the minus sign ■will be considered. 
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Since n must be an integer, tho spooification of Gj , and 1: cannot bo 
completely arbitrary. The noixial procedure is to specify Cj , , ar.d the 

tnininun value of k. is computed from Gj and G^. Then n is talxsn as 

the least integer equal to or larger than tho value computed from tho above 
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equation 



A dosi;;^ nor.iO{^raph . 

For a practicing engineer interested in choosing a suitable filter 
for a particular application, the calculatior-s required by the proceeding 
fomulac are lengthy and tedious . To ease this situation a nomograph is 
developed to enable one to rapidly choose the value of n required to meet 
the basic filter specifications and tlien easily derive the corresponding 
gain curve. A summary of pertinent formulae folloYJo: 
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Exponents arc prominent in the first three of these equations and they 
are plotted on logarithmic graph paper as the basic nomograph. The fourth 
equation is plotted separe.tely and this plot is used to provide easy entry 
into the nomograph. These plots are given in appendix A and B respectively, 
and a sketch of the basic nomograph is shovm in figure 9. 

The filter designer nay also be interested in the frequencies of in- 
finite loss and those of maximum stop band gain. These are tabulated in 
Appendix C for various values of n. 

It may be noted that neither the nomograph in Appendix A nor the 
tabulation in appendix: C includes data for n = 1. P’or n — 1 this filter 
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type is identical to the 3utter7;orth and the equal ripple pass band typos . 

5. Hcalisin^ the filter notworl:. 

Dofore finding the physical configuration of tho filter, it nill be 
necessary to find tho transfer function in ten’s of p. To do this, the 
locations of the poles and zeros in tho w-plane nust be mapped bad: into 
tlie p-plano. The quantity r is found from G, as sho\m on page 23, and 
n is found from the nomograph. Then in the z-plane tho poles of tho gain 
flmction lie on circles centered at the oi'igin and with radii, R and l/R, 
where R . Only those on tho inner circle need be corxidered 

and their angular locations are the same as those of tho zeros, as des- 
cribed in section 3. These pole locatiorjs are then napped into tlie p-plane. 
Only those in tho left half-plane are usod as explained in section 2 of 
chapter II. Tho zeros of the transfer function are simple and lie on tho 
ju) axis. The values of co at these locations, , are given in appen- 

dix C as the frequencies of infinite loss. Zeros are located at p = -f^c«>o 
and p =s — j c<j^ for each value of co, given in appendix C. IIo action 
nood bo talron for d, = »« since a polo occurs r^ture.lly there whenever n 
is odd. The transfer function is now written in tho \u 5 ual form with m ss n 
or n~l, whichever is oven. 
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Only even pcmers of p occur in the nxmerator since the zeros are located 

0 

at conjugate values on the imaginary axis . K is chosen as "* 5^4 that 
t(p) =r 1 at p = 0. 

T^ith the transfer function non in hand the notvjork is arrived at by 
a procedure based on a nothod originally given by lIorten(7). The fora of 
realization is thJit of a. purely reactive coupling nct\7orl: ten'.iinatod in a 
one olia resistance. The output is taken across tliis resistor. The input 
may bo either a voltage feed or current food depending on the circuitry 
in the coupling netivork. The procedure for determining the coupling uot- 
v/ork v;ill bo derived for a voltage feed and the dual of the circuit my 
bo used if a current feed is desired. 

Consider a tv/o terminal-pair reactive network as indicated in 
figure 10. z„ and arc the open circuit 
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Figure 10. pLOpresontation of the filter realization. 



impedances ’of the input and output respectively, z,^ is the transfer 
impedance. Using the generalized fora of impedances, then z ,, , z^^ , and 
z,^ are all odd functions of p since they are made up of purely reactive 
toms . Take the equations : 
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Substitute 



Solve (5) for: 
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Substitute (6) into (d) L' 
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v;hcrc A and v ai^c oven functions of p. 

-/:5 . 3 



)fe. 3 



(3) 

(4-) 

(3) 

( 6 ) 

(7) 

( 8 ) 









A 






( 9 ) 



Define Zg as the inpodance seen loolrinp into the output teminals of the 
cci:plinc net’.vork vrith the input shorted. Froia equation (l) "with E, = 0: 
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Substituting (10) into (2) : 
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?ron (9) and (12) 
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The transfer function cone out to be of the fora 
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and L are own Ibnctions of p. T::cn the recirjrocal is: 







■p- i, 

d 



A 



h- X‘ 



( 14 ) 



(15) 



Equation (13) shenvs that the ratio of the odd part of the reciprocal of 
the ti*ajicfor fimction to the even part is equal to the icipedanco seen 
looking into tho outp\ifc torriinals of tho couplinj; not%vork v;hen the input 
terminals are shorted. Ecavever, equation (15) shows that this ratio con- 
tains no information relative to the zeros of the transfer function. The 
coupling; not:7ork is realized by synthesizing as a drivinr; point ira- 
nedance in a ladder forsi. Then by opening the circuit between the final 
bro.nch element and ground, consider the terminals thxxs produced as the in- 
put terminals. In addition, the resultant net;;ork with a one ol'Xi loc-d re- 
sistor must be forced to bare the zeros of its trails for function at the 
proper locations. The pre ceduro for acconplisininip tliis is f;ivcn by 
Tud llenin(G) . Basically, it consists of renovinc a branch iispedancc from 
Eg such t’lS.t tho reminder has a pair of zeros or poles located at 
p = - A pair of zeros is ronoved as a resomnt circuit in a shunt 

bro.nch or a pair of polos as an anti -resonant circuit in a series brcncli 
of t}ic ladder. Impure 11 shows two fores the filter may take for n = 3. 
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Figure 11. Filter component arimigenents for n = 3 
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CFAPPER IV 



COIICLUSIOIT 



The basic design procedure for a nev; type of filter has boon developed. 
The gain function has equal moxinuni values in the stop band and is des- 
cribed as having an equal ripple stop band characteristic. Tho reciprocal 
of the gain function, the loss function, has its first n-1 derivatives 
equal to zero at a; = 0, and this is described as a naxinally flat pass 
band characteristic. It can be shovm that the gain function also lias its 
first n-1 derivatives equal to zero at cu = 0. The gain iUnction •which 
•was synthesized in chapter III could ha-ve been obtained ivithout consider- 
ing the loss function, but svich a procedure vjould not ha^ve as clearly 
separated the stop band and pass band problem. 

A design nonograph was developed which peraits a designer to deter- 
inine irxiediately the value of n required to neet the filter specifications. 
Ha^ving deterTiinod n, the nonograph nay be used to obtain easily a plot of 
the gain flinction v/ithout tlie neoossi^ty of first synthesizing the gain 
function. 

A procedure was gi^ven for realizing the filter viith a physical con- 
figuration suitable for use in •vaeuxua "tube circuits. Other realizations 
are, of course, possible. 

Tire definition of naxitially flat which lias been used is ra-liher arbi- 
trary. For a general gain function of degree 2n, there are 2r.-l independ- 
ent conditions which may bo imposed on the function. In the well knovm 
Butterworth fuiction, all those conditions ha-ve been used in tho specifi- 
cation of maximal flatness. A more general definition of maximal flatness 
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nifjit be tai:en ac : 



A "ain ilinction of de'';reo 2n is deflnod as nascinally flat if its 
first derivatives arc equal to zero at soirc one freq'ior.cy, 

■\7hcre n is the rtunbor of constraints inposod on the lUnction in 
the production of other desired characteristics. 

Rirther investigations su^rested arc the s;ynithesi3 of rxccinally flat 
^ain functions of different relative decrees of flatness and these v;lth 
step baiid characteristics ether than equal ripple. 
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APPEliDIX C 



Tabulated frequencies of infinite lose 
and ioaximun stop band ^ain. 

frequency of infinite loss 
co^ - frequency at vihich C-(o)j ) ■= 0^ 



n 




"4 


2 


1 .• il 4-2 


1.0000 

OO 


3 


1.15470 


1 .0000 




OO 


2 .0000 


4 


1.0824 


1.0000 




2.6131 


1 .4142 

OO 


5 


1.0515 


1.0000 




1.7013 


1.2361 




OO 


3.2361 


6 


1.0353 


1 .0000 




1 .4142 


1.1547 




5.8657 


2.0000 

eo 


7 


1.0207 


1 .0000 




1.2790 


1.1099 




2.3048 


1 .6039 




OO 


4.4939 


8 


1.0196 


1 .0000 




1.2027 


1.0824 




1.8000 


1 .4142 




5.1258 


2.6131 



OO 
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